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We study the consequences of dissipation in homogeneous media when the system is subject to
a sudden change, thereby producing pairs of correlated quasi-particles with opposite momenta. We
compute both the modifications of the spectrum, and those of the correlations. In particular, we
compute the final coherence level, and identify the regimes where the state is non-separable. To
isolate the role of dissipation, we first consider dispersive media and study the competition between
the intensity of the jump which induces some coherence, and the temperature which reduces it. The
contributions of stimulated and spontaneous emission are clearly identified. We then study how
dissipation modifies this competition.
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I. INTRODUCTION
The analogy [1] between sound propagation in non-
uniform fluids and light propagation in curved space-
times opens the possibility to experimentally test long
standing predictions of quantum field theory [2], such
as the origin of the large scale structures in our Uni-
verse [3, 4], and the Hawking radiation emitted by black
holes. In the first case, the cosmic expansion engenders
a parametric amplification of homogeneous modes which
is very similar to that at the origin of the Dynamical
Casimir Effect (DCE) [5, 6], compare for instance [7] with
[8]. Yet, in order to predict with accuracy what should
be observed, one must take into account the short dis-
tance properties of the medium because the predictions
involve short wavelength modes. As a result, the analogy
breaks down and a case by case analysis is required.
In homogeneous isotropic media, quasi-particle excita-
tions are governed by dispersion relations of the form
Ω2 + 2iΩ Γ(k2) = c2k2 + f(k2) . (1)
In this equation, Ω is the frequency in the medium frame,
k the wave vector, and c2 the low frequency group veloc-
ity. The real function f characterizes the elastic (norm
preserving) high momentum dispersive effects. The ab-
sorptive properties are described by the imaginary con-
tribution governed by Γ > 0. So far, following [9] most
works analyzed the consequences of short distance dis-
persion, see [10–13] for reviews. Comparatively, much
little attention has been paid to dissipative effects. Fol-
lowing [14–16], in this paper we study the consequences
of dissipation when a sudden change is applied to a ho-
mogeneous system.
Because of the homogeneity and the gaussianity of the
systems we shall study, the states are composed of two-
mode sectors of opposite wave vectors {k,−k} which do
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not interact with each other. Hence, each sector can be
studied separately. Besides the expected temporal decay
of the out of equilibrium distribution, we shall see that
the mean particle number nk = Tr[ρˆT aˆ
†
kaˆk] is not signif-
icantly affected by turning on dissipation in Eq. (1). On
the contrary, the issue of the correlations between quasi-
particles of opposite k is more tricky to handle. First,
when late time dissipation is sufficiently small that the
state can be meaningfully decomposed using a particle
number basis, the complex number ck = Tr[ρˆT aˆkaˆ−k]
accounts for the strength of these correlations. Second,
to determine if the final state is quantum mechanically
entangled, one should consider the relative value of the
norm of ck with respect to nk [17–19]. Indeed, whenever
∆k given by
∆k
.
= nk − |ck| , (2)
is negative, the bi-partite state {k,−k} is non separable,
i.e., so correlated that its statistical properties cannot
be reproduced by a stochastic ensemble. Other means
can also be envisaged, such as Cauchy-Schwarz inequali-
ties [16, 20, 21], or sub-Poissonian statistics [22]. Third,
as we shall see, even in the absence of dissipation, it is dif-
ficult to produce non-separable states, as an initial tem-
perature increases the value of ∆k (because it increases
the contribution of stimulated emission). The difficulties
are reinforced in the presence of dissipation. Indeed, the
coupling to the environment generally induces an increase
of ∆k. Our principal aim is to study the outcome of the
competition between the sudden change, which produces
the coherence, and the combined effect of temperature
and dissipation which reduce it.
The paper is organized as follows. In Section II, we
explain how to couple the phonon field to an environment
so as to engender some specific decay rate. In Section III,
we study the effect of the temperature on the final value
of ∆k in the case there is no dissipation. In Section IV we
study the modifications on the spectrum and ∆k when
including dissipation. We conclude in Section V.
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2II. ACTIONS FOR DISSIPATIVE PHONONS
To study the phenomenology of the DCE in dissipa-
tive media, we work with an action of the form ST =
Sφ + SΨ + Sint, where φˆ describes the (free) quasi-
particles, Ψˆ describes the (environmental) degrees of free-
dom that shall cause the dissipation, and Sint describes
the interactions between φˆ and Ψˆ. As usually done in
atomic damping [23] or when describing quantum Brow-
nian motion [24, 25], the action ST is taken quadratic in
φˆ, Ψˆ, so that the field equations are linear.
In experiments, a finite range of k shall be accessible.
The strength of the correlations can thus be studied as a
function of k. To cover various cases, we consider decay
rates parametrized by
Γ(k) = g2 (c/ξ) (ρξ)2α−1(kξ)2+2n . (3)
The coupling constant g is dimensionless, ρ is the con-
densed atoms density, and ξ a short distance length which
corresponds to the healing length in atomic Bose gases.
To fix the ideas and notations, the quasi particles shall
be phonons propagating in an elongated, effectively one-
dimensional, atomic Bose condensate, as in the experi-
ment of [5]. However our treatment can be easily adapted
to other systems displaying dissipation such as polariton
excitations in micro-cavities [26].1 The powers n and α
can be chosen to reproduce effects computed from first
principles. For instance, in Bose gases, two types of dissi-
pative effects are found: The first one, called Beliaev de-
cay [28], scales with α = 0 and n = 3/2, while the second
one, the Landau decay [29], depends on the temperature,
has also α = 0, and is proportional to ck
√
1 + k2ξ2.
In this paper, φˆ describes relative density fluctuations
propagating in homogeneous time dependent conden-
sates, see Appendix A for details. Working with ~ = 1,
its action is
Sφ =
1
2
∫
dtdxρ
{
φˆ†[i∂t +
∂2x
2m
−mc2]φˆ−mc2φˆ2 + h.c.} ,
(4)
where ρ gives the density of condensed atoms, m the
atom mass, and c the (time dependent) speed of sound.
The later is related to the time-dependent healing length
by ξ(t)c(t) = 1/2m.
The action for the environment degrees of freedom is
taken of the form [14, 15]
SΨ =
1
2
∫
dtdx
∫ ∞
−∞
dζ
{∣∣∣∂tΨˆζ∣∣∣2 − ∣∣∣piζΨˆζ∣∣∣2} , (5)
1 While finalizing this work, we became aware of [27] where sim-
ilar issues are considered in that context. Let us signal several
differences. First, in the present work, dissipation is handled in
a way that allows to compute correlation functions at different
times. Second, we keep the contribution of ck = Tr[ρˆT aˆkaˆ−k]
which accounts for the correlations, and use it to distinguish the
states that are non-separable. Third, our dissipative effects only
affect the quasi-particles, see Appendix A.
where the extra variable ζ has dimension of a frequency,
and where Ψˆζ obeys Ψˆ
†
ζ = Ψˆ−ζ , as a hermitian field in
momentum space. The variable ζ has been introduced in
order to have infinitely more degrees of freedom in the
Ψˆ field than in φˆ, a condition necessary to get dissipa-
tion [24]. (As shall be clear in the sequel, it is simpler
to work with a continuous set, rather than an infinite
discrete one as in Ref. [30].) Notice that Sψ contains
no spatial gradients, and that it does not depend on ρ.
Hence, the kinematics of the environment degrees of free-
dom is independent of both k and ρ. This is a simplifying
approximation. In fact, our philosophy is to choose the
simplest model that possesses some key properties. These
are: unitarity of the whole system, standard action for
the phonons, and set of possibilities to describe dissipa-
tive properties. Given Eq. (5), the choices are made in
the third action, that governing the coupling. This action
is taken to be
Sint =−
∫
dtdx
g√
ξ
{
(ρξ)α (ξ∂x)
n(φˆ+φˆ†) ∂t(
∫
dζΨˆζ)
}
,
(6)
where g is dimensionless. The powers α and n imply that
the strength of the coupling can vary with the density of
condensed atoms and the wave number k. This is to ac-
count for the fact that different media behave differently
in these respects.
A. Field equations and effective dispersion relation
Because the condensate is homogeneous, it is appropri-
ate to work with the Fourier components at fixed wave
vector k = −i∂x, where k is real. Then the total action
splits into sectors that do not interact: ST =
∫
dkSk,
with Sk = S
†
−k. In the rest frame of the condensate, at
fixed k, the field equations are, with k = |k|
[i∂t − k
2
2m
−mc2]φˆk = mc2φˆ†−k +
γk√
ρ
∂t
∫
dζΨˆζ,k ,
(7a)
[∂2t + (piζ)
2]Ψˆζ,k = ∂t
{
γ∗k
√
ρ (φˆk + φˆ
†
−k)
}
.
= jˆΨ,k .
(7b)
where
γk = g(ρξ)
α−1/2 (iξk)n , (8)
is the effective dimensionless coupling for the wave num-
ber k. The solution of Eq. (7b) is
Ψˆζ,k = Ψˆ
0
ζ,k +
∫
dt′R0ζ(t, t
′) jˆΨ,k(t′) , (9)
where Ψˆ0ζ,k is an homogeneous solution we shall describe
below, and where R0ζ is the retarded Green function. It
3is independent of k because the action SΨ contains no
spatial gradient. When summing over ζ, it obeys [14, 24]
∂t
(∫
dζR0ζ(t, t
′)
)
= δ(t− t′) . (10)
This guarantees that the kernel encoding dissipation is
local. Indeed, inserting Eq. (9) into Eq. (7a), and using
Eq. (10), Eq. (7a) gives
[i∂t − k
2
2m
−mc2]φˆk = mc2φˆ†−k + γk∂tΨˆ0k/
√
ρ
+ γk∂t
{
γ∗k(φˆk + φˆ
†
−k)
}
,
(11)
where Ψˆ0k =
∫
dζΨˆ0ζ,k. As announced, the last term in
the r.h.s. is local in time. Basically all other choices of
SΨ and Sint would give a non-local kernel. In these
cases, Eq. (11) would be an integralo-differential equa-
tion. These more complicated models do not seem ap-
propriate to efficiently calculate the consequences of dis-
sipation on phonon correlation functions.
To get the effective dispersion relation, we consider
Eq. (11) when all background quantities are constant and
when Ψ0k = 0. We get, as in Eq. (1)
(Ωk + iΓk)
2 = ω2k , (12)
where
ω2k = c
2k2(1 + ξ2k2)− Γ2k ,
Γk = |γk|2 k2cξ .
(13)
Using Eq. (8), we verify that the second line deliv-
ers Eq. (3). Hence, by choosing g, α and n our model
shall be able to reproduce many ab initio computed de-
cay rates. As expected, we also verify that for |γk|2 → 0,
one recovers the standard Bogoliubov dispersion for all k.
Our models thus provide dissipative extensions of some
dispersive model.
In what follows, the quantities g, c, ξ depend on time,
while preserving the homogeneity. Hence the non-trivial
dynamics will occur within two mode sectors {k,−k}.
B. Time dependent settings
For homogeneous time dependent systems, it is appro-
priate to introduce the auxiliary field
χˆk
.
= − φˆk + φˆ
†
−k√
2
√
ρ
cξk2
. (14)
Using Eq. (11), its time derivative is given by
∂tχˆk = i
√
ρξck2
φˆk − φˆ†−k√
2
. (15)
The χˆ field is both hermitian (χˆ†k = χˆ−k) and canon-
ical: it verifies the equal time commutators (ETC)
[χˆk, ∂tχˆ
†
k] = i, [χˆk, χˆ
†
k] = 0, which are the usual ones
for a relativistic scalar field in k space. Moreover, χˆk is
simply related to the relative density fluctuation, and to
the phase fluctuation, see Appendix B. Finally, Sk, the
action of the k sector, reads
Sk =
1
2
∫
dt
{
|∂tχˆk|2 − (ck)2[1 + (kξ)2]|χˆk|2
+
∫
dζ|∂tΨˆζ,k|2 − (piζ)2|Ψˆζ,k|2
+ 2χˆ†k
√
2Γk∂t
∫
dζΨˆζ,k
}
,
(16)
where c, ξ, and Γ are arbitrary (positive) time depen-
dent functions, and where a phase (−isgn(k))n has been
absorbed in Ψˆζ,k. In an atomic condensate, c and ξ are
related by cξ = 1/2m = cst. We can also make the anal-
ogy with field propagation in a homogeneous cosmolog-
ical background [8, 31]. Indeed, c(t) acts as the inverse
of the scale factor a(t) (and not as a varying speed of
light). Hence, a decreasing speed of sound corresponds
to an expanding universe.
From the above action, or from Eq. (11), we get the
equation for χk:[
(∂t + Γk)
2 + ω2k
]
χˆk =
√
2Γk∂tΨˆ
0
k . (17)
The general solution can be written as
χˆk(t) = χˆ
dec
k (t; t0) + χˆ
dr
k (t; t0) , (18)
where the driven part χˆdrk (t; t0), and its temporal deriva-
tive, vanish at t = t0. The decaying part χˆ
dec
k (t; t0) is
thus the solution of the homogeneous equation which
obeys the ETC at that time. Hence it possesses the fol-
lowing decomposition
χˆdeck (t; t0) = e
− ∫ t
t0
Γkdt
′ (
aˆkϕk(t) + aˆ
†
−kϕ
∗
k(t)
)
, (19)
where the destruction and creation operators aˆk, aˆ
†
−k
obey the standard canonical commutators [aˆk, aˆ
†
k] = 1,
and where ϕk is a solution of
(∂2t + ω
2
k)ϕk = 0 , (20)
of unit Wronskian i(ϕ∗k∂tϕk − ϕk∂tϕ∗k) = 1. The useful-
ness of this decomposition is two fold. On the one hand,
t0 can be conceived as the initial time when the state is
fixed. The operators aˆ†k, aˆk can then be used to spec-
ify the particle content of this state. On the other hand,
Eq. (18) and Eq. (19) furnish an “instantaneous” particle
representation around any time t0. Indeed, in the limit
Γ/ω  1 and Γ(t− t0) 1, the contribution of χˆdrk (t; t0)
can be neglected, and χˆk(t) ∼ χˆdeck (t; t0) behaves as a
standard canonical field since the prefactor of Eq. (19)
is approximatively equal to 1. We shall return to this in
Sec. IV B 2.
4The driven part of Eq. (18) is given by
χˆdrk (t, t0) =
∫ ∞
t0
dt′Gret(t, t′; k)
√
2Γk(t′)∂t′Ψˆ0k(t
′) ,
(21)
where Gret is the retarded Green function of Eq. (17).
Using the unit Wronskian solution of Eq. (20), it can be
expressed as
Gret(t, t
′; k) = θ(t− t′) e−
∫ t
t′ Γkdt × 2 Im(ϕk(t)ϕ∗k(t′)) .
(22)
Since χˆ is a canonical and linear field, the standard
relation between the commutator and the retarded Green
function holds, namely
[χˆk(t), χˆ−k(t′)]θ(t− t′) = iGret(t, t′; k) . (23)
In consequence, when the state of the system is Gaussian
and homogeneous, the reduced state of χ is completely
fixed by its anti-commutator. Because of Eq. (18), it
contains 3 terms
Gac(t, t
′; k) .= Tr(ρˆT {χˆk(t), χˆ−k(t′)})
= Gdecac +G
dr
ac +G
mix
ac .
(24)
The first one decays and is governed by χˆdec
Gdecac (t, t
′; k) = Tr(ρˆT {χˆdeck (t), χˆdec−k(t′)}) . (25)
The second one is driven and governed by Ψˆ0
Gdrac(t, t
′; k) =
∫ ∞
t0
dτdτ ′
√
2Γk(τ)
√
2Γk(τ ′)Gret(t, τ)
Gret(t
′, τ ′)∂τ∂τ ′Tr(ρˆT{Ψˆ0k(τ), Ψˆ0−k(τ ′)}) .
(26)
The third one describes the correlations between χ and
Ψ. It is non zero either when the initial state is not
factorized as ρˆ = ρˆχ ⊗ ρˆΨ, or when the two fields have
interacted. It is given by twice the symmetrized of
G˜mixac (t, t
′; k) .=
∫ ∞
t0
dτ
√
2Γk(τ)Gret(t
′, τ)
∂τTr(ρˆT {χˆdeck (t), Ψˆ0−k(τ)}) .
(27)
When the state is prepared at an early time Γ(t−t0) 1,
only the driven term significantly contributes to Eq. (24),
which means that the system would have thermalized
with the bath.
At fixed k and ζ, Ψˆ0ζ,k, the homogeneous solution of
Eq. (7) is a complex harmonic oscillator of pulsation ωζ =
pi |ζ|. Hence it can be expressed as
Ψˆ0ζ,k(t) =
e−iωζtaˆζ,k + eiωζtaˆ
†
−ζ,−k√
2ωζ
, (28)
where aˆζ,k and aˆ
†
ζ,k are standard destruction and cre-
ation operators. In the following Sections we shall work
with thermal baths at temperature T . In such states,
the noise kernel entering Eq. (26) is, with Boltzmann
constant kB = 1,
Tr(ρˆT {Ψˆ0k(τ), Ψˆ0−k(τ ′)})
=
∫ ∞
0
dωζ
pi
coth
( ωζ
2T
)
2ωζ
cos[ωζ(τ − τ ′)] .
(29)
We notice that it does not depend on k.
C. Sudden changes
We study the time evolution of the phonon state when
making two assumptions. First, we consider states which
are prepared a long time before the experiment, so that
Eq. (24) is given by Eq. (26), with t0 = −∞. Second, we
suppose a sudden change of the condensed atoms occurs
at time t = 0. Hence, the speed of sound c and the
effective coupling γk entering Eq. (17) will change on a
similar time scale. Since approximating the change of the
sound speed by a step function only modifies the response
for very high k, as can be seen in Ref. [8], for simplicity,
we shall work with an instantaneous change for c. For
γk instead, we shall use a continuous profile because an
instantaneous change would lead to divergences, as we
shall see below. Hence we shall work with
c(t) = cf + (cin − cf) θ(−t) ,
γk(t) = γf + (γin − γf)h(κt) , (30)
where h(κt) is a smoothing out function which goes from
1 to 0 around t = 0 in a time lapse of the order of 1/κ.
Considering the asymptotic values of these profiles, we
shall use the following notations
Γin/f
.
= γ2in/f (cξ) k
2 ,
ω2in/f
.
= c2in/fk
2 + (cξ)2k4 − Γ2in/f ,
(31)
see Eq. (13).
Before considering dissipation, we study the dispersive
case, firstly, to analyze the reduction of the coherence
due to stimulated processes, and secondly, to know the
outcome in the dissipation free case, so as to be able to
isolate the consequences of dissipation.
III. THE DISPERSIVE CASE
In the absence of dissipation, phonon excitations can
be analyzed before and after the jump using a standard
particle interpretation. Hence, the consequences of the
jump are all encoded in the Bogoliubov coefficients α, β
entering
ϕin = αϕout + βϕ
∗
out , (32)
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FIG. 1. We represent the product ωf×Gac(t, t′ = t) whereGac
is given in Eq. (35) as a function of the adimensionalized time
tmc2in, for k = mcin, and for two values of the temperature,
namely Tξin/2 (dashed) and 2Tξin (solid), see Eq. (38). The
value of the jump is cf/cin = 0.1. As explained in the text, the
dotted line gives the threshold value 1/2 which distinguishes
non-separable states. When increasing the temperature, the
contribution of the stimulated amplification with respect to
the spontaneous one is larger. As a result, the coherence is
reduced, i.e. the minima of ωf ×Gac are increased.
which relates the in mode to the out mode. These
modes have a positive unit Wronskian and are equal to
e−iωt
/√
2ω for t < 0 or t > 0 respectively. Using Eq. (20),
one verifies that the modes are C1 across the jump. From
the junction conditions, one finds the Bogoliubov coeffi-
cients [8]
α =
ωf + ωin
2
√
ωfωin
, β =
ωf − ωin
2
√
ωfωin
. (33)
To prepare the comparison with the dissipative case,
the initial phonon state is taken to be a thermal bath
at temperature T . This means that the initial mean oc-
cupation number is nin = 1/(eωin/T − 1) and that cin,
the initial correlation term between k and −k, vanishes.
After the jump, the mean occupation number and the
correlation term are
nout = noutspont. + n
out
stim. ,
= |β|2 + |α|
2
+ |β|2
eωin/T − 1 , (34a)
cout = coutspont. + c
out
stim. ,
= αβ +
2αβ
eωin/T − 1 . (34b)
These two quantities completely fix the late time be-
havior of the anticommutator Gac(t, t
′) = (nin +
1/2)Re{ϕin(t)ϕ∗in(t′)}. In fact, for t, t′ > 0, one has
Gac(t, t
′) =(nout + 1/2)
cos (ωf(t− t′))
ωf
+Re
(
cout
e−iωf (t+t
′)
ωf
)
.
(35)
Using this expression, it is clear that the contribu-
tion of the stimulated amplification (weighted by nin =
1/(eωin/T − 1)) and that of spontaneous processes are not
easy to distinguish. As recalled in the Introduction, to
be able to do so, it is useful to introduce the parame-
ter ∆ of Eq. (2). One can show that it obeys −1/2 <
n −√n(n+ 1) ≤ ∆ ≤ n, where the minimal and maxi-
mum values characterize respectively the pure (squeezed)
state, and the incoherent thermal state [18]. In addition,
whenever ∆ < 0, the two-mode state {k,−k} is non-
separable in the sense of Werner [32].2 This means that
the correlations are so strong that they cannot be de-
scribed by a classical ensemble. For a recent application
using dissipative fields in a cosmological context, we refer
to [16]. In the present case, the value of ∆ associated to
Eqs. (34) is
∆out = ∆outspont. + ∆
out
stim. ,
= −(|α| − |β|) |β|+ (|α| − |β|)
2
eωin/T − 1 .
(36)
At fixed |β/α|, the threshold value of non-separability
∆ = 0 defines a critical temperature TC . It is given by
|β/α| = e−ωin/TC . (37)
In Eq. (36), one clearly sees the competition between the
squeezing of the state due to the sudden jump governed
by β which reduces the value of ∆, and the initial occu-
pation number which increases its value. It remains to
extract these informations from Eq. (35).
To this end, we plot in Fig. 1 the product ωf Gac(t, t
′ =
t) of Eq. (35) as a function of time, for two different values
of T , respectively half and twice the temperature
Tξin
.
= mc2in =
1
4mξ2in
, (38)
fixed by the initial value of the healing length. We obtain
two perfect sinusoidal curves since the mode χk freely
propagates after the sudden change. Interestingly, we
can read the values of n and |c| from the envelope of
the curve. Indeed, the maxima reach n + 1/2 + |c| and
the minima n + 1/2 − |c| = ∆ + 1/2. Therefore, if in
an experiment, the minimal value of ωfGac is measured
with enough precision to be less than 1/2, one can assert
that the state is non-separable (in the absence of dissi-
pation). This identification can also be obtained using
the so-called g1 correlation function, or the g2, see ap-
pendix B. One could also work at fixed t and vary t′. In
this case, one would get a periodic behavior of frequency
ωf/2pi. However, the curve is now centered on 0, and the
maxima vary from n+ 1/2−|c| to n+ 1/2 + |c| according
2 ∆ is linked to the logarithmic negativity EN introduced in
Ref. [33] and used in Ref. [34, 35]. Indeed, in our case, one finds
EN = max[− log2(1 + 2∆), 0] which is positive only if ∆ < 0.
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FIG. 2. The anticommutator of Eq. (35) multiplied by ωf as a function of k/mcin, when evaluated at equal time t = t
′ = 5/mc2in,
for cf = cin/10, on the left panel for T = Tξin/2, and on the right for T = Tξin (solid oscillating curves). The dashed line in
the middle gives the value of ωfGac = n
in + 1/2 before the sudden change. The envelopes of the minima and maxima are also
indicated in solid lines. One clearly sees that the domain of k where the lower line is below the threshold value 1/2 is reduced
when increasing the temperature. Notice that all curves asymptote to 1/2 because in the limit k →∞, one has nk = ck = 0.
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FIG. 3. Contour plot of ∆out induced by a sudden variation of the sound speed, as a function of temperature T/Tξin and the
logarithm of the ratio cf/cin. In the left panel, k = mcin/10 is in the hydrodynamical regime, and in the right panel, k = mcin.
The threshold value ∆out = 0 is indicated by a thick line. One clearly sees the competition between the hight of the jump
governed by cf/cin which increases the coherence, i.e. reduces the value of ∆, and the initial occupation number which increases
∆. One also sees that the state of a higher momentum mode stays non separable for higher temperatures.
to the value of the fixed time t. Hence, the non separabil-
ity of the state reveals itself in the fact that there exists
some values of t such that ωfGac(t, t
′) remains smaller
than 1/2 for all t′.
To complete the analysis, we study how these results
depend on the wave number k. We work with the stan-
dard Bogoliubov dispersion relation, see Eq. (12) with
Γ = 0, cξ = 1/2m constant, and with cf/cin = 1/10. In
Fig. 2 we plot ωf×Gac(t, t′ = t) as a function of k for two
temperatures, namely Tξin/2 (left panel) and Tξin (right
panel). We first see that the modes with lower k are
more amplified than those with higher k. As expected
from Eq. (37), when looking at the lower envelope, we
also see that the coherence level is higher (the minima
of Gac lower) when working with a smaller temperature,
and/or with higher k, i.e., with rarer events governed by
a smaller initial occupation number nin. To quantify this
effect, and possibly also to guide future experiments, we
characterize the domain where the resulting state is non-
separable, i.e., where ∆out < 0. To this end, in Fig. 3, we
plot ∆out as a function of T/Tξin and the ratio cf/cin. We
consider two values of k, namely one in the hydrodynam-
ical regime, and one of the order of the inverse healing
length. This clearly confirms that at higher momenta,
7states are more likely to be non separable. Moreover,
one sees that for a wave number smaller than the heal-
ing length, at a temperature ∼ Tξin of Eq. (38), in order
to obtain a non separable state, cf/cin should be either
larger than 3, or smaller than 1/3.
To illustrate these aspects with a concrete example, we
consider the experiment of Ref. [5]. The relevant values
are T = 6.05Tξin and k ∼ 2.15mcin, so that the initial
number of particles is of the order of 3. On the other
hand, one has cf/cin ∼ 21/4. (To get these numbers, we
used T = 200nK, ω/2pi = 2kHz, m = 7. 10−27kg and
cin = 8mm/s.) The corresponding value of the coher-
ence level is ∆ ∼ 1.4. Hence the state is separable. In
order to reach ∆ = 0, one should either increase the ra-
tio cf/cin ∼ 6, or work with a lower temperature, of the
order of 0.6Tξin .
IV. THE DISSIPATIVE CASE
In presence of dissipation, the mode interpretation
involving the Bogoliubov coefficients of Eq. (32) is no
longer valid. In fact, the state of χ is now characterized
by Gdrac of Eq. (26), which is governed by the retarded
Green function and the noise kernel. The separability of
the state should thus be deduced from its properties.
When the environment state is a thermal state, using
Eq. (29), Eq. (26) can be expressed as
Gdrac(t, t
′) =
∫
dωζ
2pi
ωζ coth
( ωζ
2T
)
G˜r(t, ωζ)G˜r(t
′,−ωζ) ,
(39)
where we introduced the Fourier transform
G˜r(t, ωζ)
.
=
∫ ∞
−∞
dτ eiωζτ
√
Γ(τ)Gret(t, τ) , (40)
of the retarded Green function of Eq. (22). In the fol-
lowing, we compute Eq. (39), which is more easy to han-
dle than Eq. (26), in two different cases. In the first
one, there is no dissipation after the sudden change, i.e.,
γf = 0 in Eq. (30). In the second one, Γ is constant.
A. Turning off dissipation after the jump
When Γf = 0 for κt  1, we have the possibility of
using the standard particle interpretation to read the
asymptotic state. In fact, inserting Eq. (22) in Eq. (40),
using Eq. (30) and κt 1, one gets
G˜r(t, ωζ) =
√
Γin
2ωf
[
eiωf tR(ωζ)− e−iωf tR∗(−ωζ)
]
, (41)
where
R(ωζ)
.
=
√
2ωf
∫ ∞
−∞
dτh(κτ)eiωζτe−
∫∞
τ
Γϕout . (42)
The function ϕout(τ) is the standard out mode: it is the
positive unit Wronskian mode of Eq. (20) which is pos-
itive frequency at asymptotically late time. The time
dependence of Eq. (41) guarantees that Eq. (39) has ex-
actly the form of Eq. (35). The final occupation number
nout and correlations cout are found to be
nout +
1
2
=
Γin
ωf
∫ ∞
0
dωζ
pi
ωζ coth(
ωζ
2T
)
×
(
|R(ωζ)|2 + |R(−ωζ)|2
)
,
cout ∗ = 2
Γin
ωf
∫ ∞
0
dωζ
pi
ωζ coth(
ωζ
2T
)R(ωζ)R(−ωζ) .
(43)
We notice that these expressions are similar to those of
Eq. (34), and that R∗(±ωζ) play the role of a density
(in ωζ) of α and β respectively. In fact, when taking the
limit Γin → 0 in Eq. (43), one recovers the dispersive
expressions of Eq. (34).
We can now explain why we introduced the function h
in Eq. (30). For κ→∞, h(κt) becomes the step function
θ(−t). In this limit, Eq. (42) gives
R(ωζ) =
ωf + (ωζ − iΓin)
ω2in − (ωζ − iΓin)2
+O
(
1
κ
)
, (44)
which indicates that R behaves as 1/ωζ for ωζ → ∞.
Hence both nout and cout of Eq. (43) would logarithmi-
cally diverge. The divergences arise from the fact that
the environment field Ψˆ contains arbitrary high frequen-
cies ωζ . To regulate the divergences, several avenues can
be envisaged. One could either introduce a ζ dependent
coupling in Eq. (6), or cut off the high frequency ωζ spec-
trum in Eq. (5). However, these would spoil the locality
of Eq. (10). For this (mathematical) reason, we prefer
to use h(κt) of Eq. (30). Moreover, taking an instan-
taneous change in Γ(t) would remove the C1 character
of Gac(t, t
′) found in the dispersive case, see the discus-
sion after Eq. (32). In addition it should be noticed that
any physical system, such as an atomic Bose condensate
described by Eq. (A2), would only respond after a finite
amount of time. Hence the function h of Eq. (30) is phys-
ically meaningful, and κ should be of the order of c/ξ in
an atomic condensate.
In Appendix C we derive approximate expressions for
R(ωζ), both for a general profile h, and when applied to
the particular case
h(z) =
 1 if z < 0 ,1− z if 0 < z < 1 ,0 if 1 < z , (45)
we shall use to obtain the following figures.
1. Spectral deviations due to dissipation
We study how nout of Eq. (43) depends on the dissi-
pation rate Γin. To this end, we study its difference with
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FIG. 4. The ratio ∆nr of Eq. (46) for a jump ωf/ωin = 0.1 and
κ = 10ωin is represented in the plane n
in, Γin/ωin. For low
initial occupation numbers, one sees that ∆nr is proportional
to Γin/ωin, whereas it evolves from linear to quadratic for
high numbers. As explained in the text, these observations
are confirmed by analytical expressions.
the dispersive occupation number noutdisp of Eq. (34) eval-
uated with the same values for the temperature T , the
initial and the final frequency, see Eq. (31). In Fig. 4 we
represent the relative change
∆nr
.
=
nout(Γin)− noutdisp
noutdisp + 1/2
, (46)
as a function of the initial occupation number nin and
the ratio Γin/ωin. We work with a jump ωf/ωin = 0.1,
and with κ = 10ωin. (We use this parameterization be-
cause, at fixed k, Eq. (17) only depends on ω(t) and Γ(t).
Hence the healing length and k need not be specified.)
For these values, we find two regimes. First, for low oc-
cupation number, we observe that the deviation ∆nr lin-
early depends on Γin. An analytical treatment based on
Eq. (C3) reveals that, for small Γin/ωin and large κ/ωin,
∆nr behaves as
∆nr =
(
Γin
ωin
)
1
nin + 1/2
× g(κ/ωin) , (47)
where g(κ/ωin) is a rather complicate function.
3 We
3 It is given by
g(κ/ωin) =
1
pi
 2 log
(
κeff
ωin
)
1 + (ωf/ωin)2
− 1
 , (48)
where κeff is the effective slope of the profile h(κt). It is given
by
κeff
.
= κ exp
[
−γ −
∫
dtdt′ (∂th) (∂t′h) log(κ
∣∣t− t′∣∣)] . (49)
where γ is the Euler constant. The interest of these equations is
that they apply for any h(κt) when κ/ωin  1. Moreover, κeff
also governs the logarithmic growth of |c|.
numerically checked that Eqs. (47) and (48) apply for
nin . 5 and κ & 10ωin. Hence, under these conditions,
∆nr depends on κeff of Eq. (49), but not on the exact
shape of h of Eq. (30).
Second, for high occupation numbers and high κΓ/ω2in,
we observe in Fig. 4 a quadratic dependence in Γ. Low-
ering κΓ/ω2in, we observe a transition from this quadratic
behavior to a linear one. These numerical observations
are in agreement with the analytical result
∆nr ∼
(
Γin
ωin
)2
ω2in − ω2f
ω2in + ω
2
f
+O
(
Γin
κ
)
, (50)
which applies in the limit Γin  ω  κ T .
In brief, Eq. (47) and Eq. (50) establish how nout
of Eq. (43) converges towards the dispersive occupation
number of Eq. (34) when Γin/ωin  1 and κ  ωin. A
similar analysis can be done for the coefficient cout of
Eq. (43), and gives similar results.
2. Final coherence level
In fig. 5, we represent the coherence level ∆ of Eq. (2)
as a function of the temperature and cf/cin, for two dif-
ferent values of k, namely k/mcin = 0.3 and 1, and three
values of γ2, namely 0, 0.25 and 0.5. The value of κ is
κ = 10mc2in. As one might have expected, we observe
a continuous deviation of ∆ for increasing values of the
coupling γ2k. More surprisingly, we observe that increases
of c(t), cf > cin, and decreases cf < cin behave very dif-
ferently. In the first case, there is a large increase of ∆,
which implies a loss of coherence. On the contrary, in the
second case, the value of ∆ is robust, and some marginal
gain of coherence can even be found. To validate these
observations, we studied the behavior of ∆ for different
profiles of the smoothing function h(κt). Whenever cf/cin
not too close to 1, we obtained similar results, thereby
showing that the choice of the profile of h does not sig-
nificantly matter. Instead, when cf/cin ∼ 1, the behavior
of ∆ is less universal.
In order to understand the different behaviors of cf >
cin and cf < cin, we represent in fig. 6 the anticommutator
normalized to its value at the jump Gac(t = t
′)/Gt=t′=0
as a function of ωft, and for different values of the steep-
ness parameter κ. We first notice that this function is C1
across the jump, as were the modes in dispersive theories.
This implies that one extremum of the anticommutator
coincides with the value before the jump. In the absence
of dissipation, one easily verifies that it is a minimum
for cf < cin and a maximum otherwise. For weak dis-
sipation, by continuity in Γ, this must still be the case.
Hence, when cf < cin, the minima of the anticommutator
are fixed by the initial state. Instead, for cf > cin, they
are fixed by the intensity of the jump and the injection
of energy from the environment. As clearly seen in the
Figure, this injection increases with κ and explains why
coherence is more robust when cf < cin (i.e. in expanding
universes).
9FIG. 5. We represent the lines of ∆ = −0.2 (dashed), 0(solid)
and 0.2 (dotted) in the plane {T/Tξin , log10(cf/cin)}, on the
top panel for k = 0.3mcin, and, on the bottom one for k =
mcin. γ
2
k takes 3 values: from 0, i.e. the dispersive case
in thick red line, to 0.5, and κ = 10mc2in. For not too low
temperatures, we observe that the value of ∆ is robust when
cf < cin (which corresponds to an expanding universe), while
it increases when cf > cin.
B. Constant dissipation rate
In this section, we study our model when the dissi-
pative rate Γ is constant, as it is found for instance in
polariton systems [26, 27]. In this case, there is no un-
ambiguous notion of (out) quanta, and this even though
the anti-commutator of Eq. (39) is well defined for all
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FIG. 6. We represent the anticommutator Gac normalized to
its value before the jump, as a function of ωft, and for T =
Tξin and k = 2mcin. The 3 upper curves (in blue) represent
an expanding universe (cf = 0.5cin), while the three lower
(in purple) ones a contracting universe (cf = 2cin). In solid
lines, one finds the two dispersive cases, in dashed lines, the
dissipative cases with γ2 = 0.15 and κ = 100mc2in, and in
dotted lines, κ has been increased to 104mc2in in order to see
the logarithmic growth of n and c of Eq. (34). In all cases,
Gac is C1 across the jump. Since the coherence is based on
the minima of Gac, the value of ∆ is robust when cf/cin < 1,
whereas it necessarily increases when cf/cin > 1.
t, t′. Nevertheless, provided Γ/ω is low enough, we shall
see that an approximate reading of the final state can be
reached in term of the instantaneous particle representa-
tion based on Eq. (19).
Because γ is constant in Eq. (30), there is a simplifica-
tion with respect to the previous subsection: no regular-
ization is now needed since Eq. (39) is finite. Moreover,
the retarded Green function of Eq. (22) is exactly known.
It is given by
e−Γ(t−t
′) ×

θ(t− t′) sinω(t−t′)ω for t′, t < 0 or t′ > 0 ,
sin(ωf t) cos(ωint
′)
ωf
− cos(ωf t) sin(ωint′)ωin
for t′ < 0 and t > 0 .
(51)
Hence, after the jump of c, for positive times, the Fourier
transform of Eq. (40) gives
G˜r(t, ωζ) =
√
Γeiωζt
ω2f − (ωζ − iΓ)2
+
√
Γ
e−Γt+iωf t
2ωf
×
[
ωf + (ωζ − iΓ)
ω2in − (ωζ − iΓ)2
− 1
ωf − (ωζ − iΓ)
]
+ (ωf → −ωf) .
(52)
This means that we (exactly) know the integrand of
Eq. (39). The integral can be performed by analytical
methods (by evaluating the residues of poles), and then
recognizing the infinite sum as a finite sum of hypergeo-
metric functions. The main results are presented below.
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FIG. 7. We represent the product ωf × Gac(t, t′ = t) where Gac is given in Eq. (35), on the left panel, as a function of the
adimensionalized time tmc2in for k = 1.5mcin, γ
2
k = 0.03 and T = 0.8Tξin , and on the right panel, as a function of k/mcin for
t = 5/mc2in, γ
2
k = 0.05 and T = 0.5Tξin . The dashed line on the right panel is the dissipative-less case γ
2
k = 0. In all cases, the
height of the jump is cf/cin = 0.1.
1. Two-point correlation function
To discover the effects of dissipation, in Fig. 7 we
plot ωf × Gac(k, t = t′) both as a function of time,
as in Fig. 1, and as a function of the wave number
k, as in Fig. 2. When considered as a function of t,
we observe that the oscillations take place in a narrow-
ing envelope. As expected, the latter follows an ex-
ponential decay in e−2Γt towards the equilibrium value
ωf G
eq
ac = ωf Gac(t = t
′ → ∞). This simple behavior im-
plies that the non-separability of the state is quickly lost
at high temperature. Indeed, a rough estimate of the
lapse of time for the decoherence to happen is of the or-
der (2Γneq)−1, where neq is the mean occupation number
at equilibrium. Hence, when neq  1, the time for the
loss of coherence is smaller than the dissipative time 1/Γ
by a factor 1/2neq. When considered as a function of k,
on the right panel, we observe damped oscillations. For
large k, they are more damped than those of the disper-
sive case (represented by a dashed line) since the decay
rate Γ ∝ k2.
To further study the effects of increasing Γ, in Fig 8, we
represent the equal time density-density two-point func-
tion, see appendix B,
Gdd
.
=
Tr (ρˆT δρˆ(t, x)δρˆ(t, x
′))
ρ
=
∫ ∞
−∞
dk
pi
eik(x−x
′)cξk2Gkac(t, t
′ = t) ,
(53)
for four values of γ2, namely log10(γ
2) = −2, −1.5, −1
and −0.5. We took a rather large t = 7.5/mc2f to see
the propagation of the phonon waves. As expected we
observe a peak centered on x = x′ plus a series of peaks
for |x− x′| > 2cft. The first one is present even in vac-
uum, and is amplified by the mean occupation numbers
nk > 0. We see that it is broadened by dissipation. The
series of peaks for |x− x′| > 2cft are due to the fact that
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FIG. 8. We represent the equal time density-density correla-
tion of Eq. (53) as a function of mcin |x− x′|, for cf/cin = 0.1,
and T = Tξin . We took t = 7.5/mc
2
f and 4 values of γ
2
k,
namely 10−2 (solid), 10−1.5 (dashed), 10−1 (dot-dashed) and
10−0.5 (dotted). The parameter n of Eq. (8) is n = 0. We
observe a peak at x = x′ that is broadened by dissipation,
and a series of peaks propagating away from the center with
a group velocity higher than cf . The faster they propagate,
the more damped they are since we have Γ ∼ k2.
the phonons are produced in pairs. As in inflationary
cosmology [7], their amplitudes are fixed by the ck coeffi-
cients. These peaks propagate at different speed because
of dispersion. The fastest are more damped because dis-
persion is anomalous, and because dissipation goes in k2.
We also notice that the first propagating peak is nega-
tive when working with cf < cin. (For cf > cin instead,
it would be positive.) We conclude by noticing that this
plot gives no indication on whether the state is separa-
ble or not, mainly because Gdd mixes different 2-mode
sectors labeled by k, some of which being non-separable,
but not all.
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2. Approximate particle interpretation and separability
To interpret the properties of Gac, we use the instanta-
neous particle representation based on χdec of Eq. (19).
As already said, for interacting systems, there is no
unique (canonical) way of defining the concept of par-
ticle. Hence the mean occupation number n and the cor-
relation term c are somehow ambiguous. The issue is two
fold and requires to treat separately the equilibrium and
the out of equilibrium parts of Gac.
First, the out of equilibrium part δGac
.
= Gdrac − Geqac
contains non oscillating terms which cannot be expressed
as the anticommutator of χdec of Eq. (19). However,
these terms decay as e−2pitT , whereas oscillating terms
decay as e−2Γt. Hence, when Γ < piT , they can be ne-
glected for t, t′  1/(piT − Γ). When these conditions
are fulfilled, one can define δn(t0) and δc(t0), the out
of equilibrium value of the occupation number and the
coherence at t0, by
δGac(t, t
′) ∼ δn(t0)ϕdec(t; t0)[ϕdec(t′; t0)]∗
+ δc(t0)ϕ
dec(t; t0)ϕ
dec(t′; t0) + cc ,
(54)
where ϕdec(t; t0) = e
−Γ(t−t0)e−iωf (t−t0)/
√
2ωf is the de-
caying solution of Eq. (19) which contains only positive
frequency and which is unit Wronskian at t = t0. Since
δGac(t, t
′) is independent of t0, one immediately deduces
that
δn(t0) = δn(0)e
−2Γt0 , |δc(t0)| = |δc(0)|e−2Γt0 . (55)
This matches the behavior of the envelope observed in
Fig. 7. In the limit of small dissipation, one finds that
the initial values obey
δn(0) = δndisp +O
(
Γ
ωin
+
Γ
T
)
,
δc(0) = cdisp +O
(
Γ
ωin
+
Γ
T
)
,
(56)
where δndisp = nout − neq and cdisp = cout are the cor-
responding quantities evaluated with the dispersive case
γ = 0. The values of nout and cout are given in sec. III,
and neq is the mean occupation number in a thermal
bath.
Second, a similar analysis of the equilibrium part of
Gac gives
Geqac(t, t
′) = e−Γ|t−t′|Gth,dispac (t, t′) +O(
Γ
ωf
) , (57)
where Gth,dispac is the corresponding dispersive anticom-
mutator in a thermal state. It is worth noticing that
in the presence of dissipation, the rescaled anticommu-
tator can be smaller than 1/2, as can be seen in Fig. 7
for high k. This is because the φ field is still interacting
with the environment. Yet, in the limit Γ |t− t′|  1 and
Γ/ωf  1, Geqac is indistinguishable from Gth,dispac . We can
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FIG. 9. We represent the coherence level ∆ as a function
of Γt, for T = Tξin/2 and γ
2
k = 0.01. We consider two val-
ues of cf/cin = 0.1 (solid) or 0.5 (dashed), and two values of
k/mcin = 1 (black) or 1.5 (thick red). The imprecision in the
value of ∆ is indicated by vertical bars. In the present weakly
dissipative cases, the spread of ∆ is of the order 0.02. There-
fore, the moment where the non-separability of the state is
lost is known with some precision.
then work with 2neq+1 = coth[ωf/2T ]. Doing so, we get
an imprecision of the order of Γ/ωf .
Having identified n = δn + neq and c, we can com-
pute the coherence level ∆ of Eq. (2), which of course
inherits the imprecision coming from neq. In fig. 9, we
represent ∆k and its imprecision as a function of time
for four different cases. As already discussed, we notice
that the non-separability of the state is lost in a time
much smaller than 1/Γ. We also notice that when Γ/ω is
low enough, the imprecision in ∆ does not significantly
affect our ability to predict when non-separability will be
lost. In brief, for low values of Γ/ω and Γ/T , the anti-
commutator Gac can be reliably interpreted at any time
t0 using the instantaneous particle representation based
on χdec(t, t0) of Eq. (19).
V. CONCLUSIONS
In this paper, we computed the spectral properties
nk and the coherence coefficient ck of quasi-particles
produced when a sudden change is applied to a one-
dimensional homogeneous system. We took into account
both the effects of an initial temperature, and the fact
that the quasi-particles are coupled to a reservoir of
modes, something which induces dissipative effects. For
definiteness the quasi-particles are taken to be Bogoli-
ubov phonons propagating in an elongated atomic con-
densate. Yet our results should apply, mutatis mutandis,
to all weakly dissipative systems. We are currently ex-
tending our treatment to polariton fluids.
For simplicity, we worked with a quadratic action. Im-
portantly, this allows us to compute the anticommuta-
tor for non-equal times, see Eqs. (24) to (27), some-
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thing which not generally done when using the truncated
Wigner method [36], but which could be very useful for
future experiments. Because our system is coupled to a
bath, nk and ck are a posteriori extracted from the anti-
commutator of the phonon field, see Eq. (43) and (54).
Then, to distinguish classical correlations from quantum
entanglement, we used the fact that negative values of
the parameter ∆k of Eq. (2) corresponds to non-separable
states (for the Gaussian states we consider).
When neglecting dissipative effects, we studied the
competition between the squeezing of the quasi-particles
state, which is induced by the sudden change, and the
initial temperature which increases the contribution of
stimulated effects, see Eq. (36). In Fig. 1, one clearly
sees that the value of the minima of the equal time an-
ticommutator allows to know if the state is separable or
not. The outcome of the competition is summarized in
Fig. 3, where the coherence parameter ∆ is plotted as a
function of the sudden change of the sound speed and the
temperature. We applied our analysis to the recent ex-
periment of Ref. [5] and concluded that one should either
increase the change of c, or work with a lower tempera-
ture in order to obtain a non-separable state.
We then included dissipative effects. When there is
no (significant) dissipation after the sudden change, we
showed in Fig. 4 how the final number of particles is pro-
gressively affected by increasing dissipation. When the
initial occupation number is low, the deviations are lin-
ear in the decay rate Γ, whereas they are quadratic for
occupation numbers nin & 5. Interestingly, we observed
in Fig. 5 that dissipation, on the one hand, hardly affects
the coherence parameter ∆ when the sudden change is
due to a decrease of the sound speed (something which
corresponds to an expanding universe when using the
analogy with gravity), and on the other hand severely
reduces the coherence when the sound speed increases.
This discrepancy is further studied in Fig. 6 which il-
lustrates the key role played by the C1 character of the
anticommutator across the sudden change.
We also studied the case when the dissipative rate is
constant. In this case, the main effect of dissipation on
the anticommutator is the expected damping towards the
equilibrium value, see Fig. 7. As a result, for high occu-
pation numbers, the non-separability of the state is lost
in a time much shorter than the inverse decay rate, see
Fig. 9. In spite of the fact that the quasi-particles are
still coupled to the environment, we showed that a reli-
able study of this loss can be performed for weakly dis-
sipative systems, i.e. with Γ/ω  1. On the contrary,
for strongly interacting systems, i.e. rapidly decaying
quasi-particles, we believe the notion of non-separability
cannot be meaningfully implemented.
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Appendix A: Action for relative density fluctuations
We briefly review how Eq. (4) is obtained from the
action of the atomic field, for more details see [37]. We
then explain how Eq. (6) can also be derived from an
action defined at the atomic level (rather than that of
the quasi-particles).
The action for the second quantized field describing a
dilute ultracold atomic gas is [38]
S =
∫
dtdx
[
iΦˆ†∂tΦˆ− 1
2m
∂xΦˆ
†∂xΦˆ− V Φˆ†Φˆ
− gat
2
Φˆ†Φˆ†ΦˆΦˆ
]
.
(A1)
One decomposes Φˆ = Φcond(1 + φˆ), where Φcond(t, x) is
the mean field describing the condensed atoms, solution
of the Gross Pitaevskii equation
i∂tΦcond =
(
− 1
2m
∂2x + V + gatΦ
∗
condΦcond
)
Φcond ,
(A2)
and where φˆ describes relative density fluctuations. The
action is then expanded in powers of φˆ. Using Eq. (A2),
the quadratic part is
Sφ =
∫
dtdxρ
[
iφˆ†(∂t + v∂x)φˆ− 1
2m
∂x(φˆ
†)∂xφˆ
− mc
2
2
(φˆ2 + (φˆ†)2 + 2φˆ†φˆ)
]
,
(A3)
where ρ
.
= |Φcond|2, 2imv .= ∂x(ln Φcond − ln Φ∗cond) and
c2
.
= gatρ/m are arbitrary functions of t and x obey-
ing ∂tρ + ∂x(ρv) = 0. When considering homogeneous
condensates at rest (v = 0), one obtains Eq. (4) with
ρ = cst.
One can also derive Eq. (6) when coupling the envi-
ronment field Ψζ to the atomic field. More precisely, to
get Eq. (6), one should work with
Sint =−
∫
dtdx
{
[(Φˆ†)αΦˆα] g˜(∂x)∂t(
∫
dζΨ¯ζ)
}
. (A4)
Then, using Eq. (5), the equations of motion are
i∂tΦˆ =
(
− 1
2m
∂2x + V + gatΦˆ
†Φˆ
)
Φˆ (A5a)
+ α(Φˆ†)α−1Φˆα g˜(∂x)∂t(
∫
dζΨ¯ζ) ,
(∂2t + ω
2
ζ )Ψ¯ζ = ∂tg˜(−∂x)[(Φˆ†)αΦˆα] . (A5b)
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Hence, Ψ¯ζ will also condense. We can write it
Ψ¯ζ = Ψ
cond
ζ + Ψˆζ . (A6)
From Eq. (A5a), we get a modified Gross-Pitaevskii equa-
tion
i∂tΦcond = HcondΦcond , (A7)
with
Hcond = −∂
2
x
2m
+ V + gat |Φcond|2
+ α |Φcond|α−1 g˜(∂x)∂t(
∫
dζΨ¯condζ ) .
(A8)
Since this last term does not contain any operator acting
on Φcond, the conservation equation ∂tρ + ∂x(ρv) = 0 is
still valid. Moreover, it gives rise, in Eq. (A3), to a term
δSφ =
∫
dtdxαφ†φρα g˜(∂x)∂t(
∫
dζΨcondζ ) . (A9)
On the other hand, Eq. (A4) gives two contributions
given by
S
(1)
int = −
∫
dtdx
{
[
α(α− 1)
2
(φˆ†)2 + α2φˆ†φˆ+
α(α− 1)
2
φˆ2]
× ρα g˜(∂x)∂t(
∫
dζΨcondζ )
}
,
S
(2)
int = −
∫
dtdx
{
αρα[φˆ† + φˆ] g˜(∂x)∂t(
∫
dζΨˆζ)
}
.
(A10)
Since the first one is second order in φ and zero order in
Ψˆζ , it combines with Eq. (A9) to give
δSφ + S
(1)
int =
∫
dtdx
α(α− 1)
2
(φ† + φ)2ρα
× g˜(∂x)∂t(
∫
dζΨcondζ ) .
(A11)
Its role is to modify the speed of sound which is now
given by
mc2
.
= gatρ+
α(α− 1)
2
ρα−1 g˜(∂x)∂t(
∫
dζΨcondζ ) .
(A12)
The second contribution S
(2)
int gives rise to Eq. (6), with
αg˜(−∂x) = gξα+1/2(ξ∂x)n. Hence, we have demon-
strated that our model based on Eqs. (4) and (6) can
be derived from actions involving only the atomic field
Φˆ.
Notice that in a polariton system [26, 27], the dissipa-
tive processes occur at the level of the number of photons,
and not only at the level of the quasi-particles (phonons
of the photon fluid). This means that the coupling be-
tween Ψ and Φpola should be of the form
Sint,pola =−
∫
dtdx
{
γΦˆpola ∂t(
∫
dζΨˆζ) + h.c.
}
. (A13)
We are currently studying this case.
Appendix B: On other observables
We establish the dictionary between the χ field of
Eq. (14) and its anticommutator Gac of Eq. (24), and
two other languages often used in the literature, namely,
on the one hand, the phase and density fluctuations θ
and δρ, and, on the other hand, the so called g1 and g2
functions [38, 39]. These functions are expressed in terms
of the atomic field Φˆ as
Φˆ(x, t) = Φcond
(
1 +
δρˆ
2ρ
)
eiθˆ ,
g1(x, t, x
′, t′) .=Tr
(
ρˆT : {Φˆ†(x, t), Φˆ(x′, t′)} :
)
,
g2(x, t, x
′, t′) .=
Tr
(
ρˆT Φˆ
†(x, t)Φˆ†(x′, t′)Φˆ(x′, t′)Φˆ(x, t)
)
g1(x, t, x, t)g1(x′, t′, x′, t′)
,
(B1)
where : : means normal ordered in the Φ field operator.
In homogeneous condensates, in momentum space, and
to linear order, we have
χˆk = − δρˆk√
2ρcξk2
, ∂tχˆk =
√
2ρξck2θˆk . (B2)
Hence, the three anti-commutators are related to our Gac
by
Tr (ρˆT δρˆ(t)δρˆ(t
′)) = 2ρcξk2Gkac(t, t
′) ,
Tr
(
ρˆT θˆ(t)δρˆ(t
′)
)
= −∂tGkac(t, t′) ,
Tr
(
ρˆT θˆ(t)θˆ(t
′)
)
=
∂t∂t′G
k
ac(t, t
′)
2ρcξk2
.
(B3)
The knowledge of Gac of Eq. (24) thus fixes the three of
them.
Similarly, for k 6= 0, we have
gk1 (t, t
′) =
[
cξk2
2
+
1
2cξk2
∂t∂t′
]
Gkac(t, t
′)
+ i∂tG
k
c (t, t
′) ,
(B4)
where Gkc (t, t
′) is the commutator of χ (which is imagi-
nary), and
gk2 (t, t
′) =
2
ρ
[
cξk2Gkac(t, t
′)− i∂tGkc (t, t′)
]
. (B5)
Using Eq. (35), we see that a measurement of g1(t, t
′ = t),
or g2(t, t
′ = t), for various t is sufficient to extract n
and c, and therefore to distinguish non-separable states
from separable ones. For instance, the minimum value of
g2(t, t
′ = t) is proportional to n − |c| + (1 − ωf/cξk2)/2.
Hence, when knowing ωf/cξk
2 and ρ, measuring the min-
ima of g2(t, t
′ = t) is sufficient to distinguish non separa-
ble states.
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Appendix C: Approximating Eq. (42)
The goal of this appendix is to approximatively evalu-
ate Eq. (42). To do so, we first consider that h is constant
for negative times.4 Hence, the part of the integral that
runs on negative times is easy to handle and gives∫ 0
−∞
dτh(κτ)eiωζτe−
Γin
κ
∫∞
κτ
h2(z)dz
√
2ωfϕ
out(τ)
∼ e−Γinκ
∫∞
0
h2 ωf + (ωζ − iΓin)
ω2in − (ωζ − iΓin)2
.
(C1)
Here, we neglected the effect of the change of ω for posi-
tive times on ϕout. The deviation is generically of order
Γ2in/ωfκ.
5 To get this bound, we can write, for posi-
tive times, ϕout = e−iωfτ/
√
2ωf +ϕ1, and perturbatively
in ϕ1, get to |ϕ1|
√
2ωf < Γ
2
in/ωfκ
∫∞
0
f2. This bound
can be relaxed order by order by solving Eq. (20) with a
source. This is not the goal of this appendix. For positive
times, we now make the same approximation and get∫ ∞
0
dτh(κτ)eiωζτe−
Γin
κ
∫∞
κτ
h2(z)dz
√
2ωfϕ
out(τ)
∼
∫ ∞
0
dτh(τ)e−
Γin
κ
∫∞
τ
h2ei(ωζ−ωf )τ .
(C2)
We can now compute this last integral perturbatively in
Γ/κ. To get coherent results and to get rid of the 1/ωζ
term, the same expansion is necessary in Eq. (C1).
Since for cases we consider (i.e., sudden change, i.e.,
Γ  ω  κ), Γin/κ > Γ2in/ωfκ > Γ2in/κ2, the expansion
in Γin/κ should be done to first order maximum. To this
order, R becomes
R =
[(
1−Γin
κ
∫ ∞
0
h2
)
ωf + (ωζ − iΓin)
ω2in − (ωζ − iΓin)2
+
∫ ∞
0
dτh(κτ)
(
1− Γin
κ
∫ ∞
τ
h2
)
ei(ωζ−ωf )τ
]
×
[
1 +O
(
Γ2in
ωfκ
)]
.
(C3)
When working with h of Eq. (45), one obtains
R ∼ ωf + (ωζ − iΓin)
ω2in − (ωζ − iΓin)2
+
h1
(
i(ωζ−ωf )
κ
)
ωζ − ωf
− Γin
3κ
 ωf + (ωζ − iΓin)
ω2in − (ωζ − iΓin)2
+
h4
(
i(ωζ−ωf )
κ
)
ωζ − ωf
 . (C4)
where ex =
∑n
k=0 x
k/k!−hn(x)xn/n! defines the remain-
der term of order n, hn(x), of the Taylor expansion of
the exponential function. We notice that hn(x) ∝ x for
x→ 0 so that R is regular at ωζ = ωf . Moreover, at large
x, hn(x) ∼ exn!/xn + (1 + O(1/x)) so that for purely
R ∼ 1/ω2ζ at large ωζ .
To complete the study, we checked the validity of
Eq. (C4) by numerically evaluating R. When considering
only first line of Eq. (C4), we observed that the relative
error is smaller than Γ/κ, as predicted. When including
the second line, the relative error remains smaller than
Γ2/κωf .
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